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ABSTRACT 
We obtain equations for the time and space development of a small 
number of large amplitude transverse and longitudinal modesiin a Vlasov plasma. 
The scale times and lengths are inversely proportional to the first power of 
the electric fields. 
resonantly driven longitudinal oscillation, we first classify systems accord- 
ing to the manner in which the size of the longitudinal field is limited, and 
then solve for the resulting mode evolution. 
coupling, frequency conversion and polarization rotation effects appear. 
Qualitative differences are found for the behavior in one and two independent 
coordinates. In most (but not all) cases treated, the mode interactions cause 
changes in the electric field amplitudes rather than shifts in resonant 
frequencies and wave lengths. 
For the special case of two transverse modes and a single 
As a result of the non-linear 
I. INTRODUCTION 
In this paper we study the resonant coupling of a small number of 
transverse and longitudinal waves in a Vlasov plasma of electrons embedded in 
a uniformly smeared out background of positive charge. 
The problem differs from earlier problems treated by the quasi-linear 
theory of the Vlasov equation 1s2y3’4 due to the differences in the time scales 
involved. In this problem, because of the presence of only a small number of 
modes, the rate of change of the modes is proportional to the strength of the 
amplitudes, while the spatially homogeneous part of the one-particle distri- 
bution function changes at a rate proportional to the square of the amplitudes. 
On the other hand, in earlier problems treated by quasi-linear theory, very 
many modes are present with random phases. 
approximation, both the modes and the spatially homogeneous part of the one- 
particle distribution function vary at rates which are proportional to the square 
of the amplitudes. 
Because of the random phase 
We obtain a set of coupled, first-order partial differential equations 
The equations take into account simultaneously for the amplitudes of the modes. 
several mechanisms which may modify the longitudinal field: linear Landau 
damping, detuning, and nonlinear effects in space and time due to resonant mode 
coupling. 
to linear Landau damping effects. 
the transverse fields vary through mode-mode coupling, since otherwise resonant 
interaction effects are weak. 
In addition collisional damping effects are assumed to be additive 
We confine our analysis to situations in which 
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Similar  equat ions  (though not  based on t h e  Vlasov equat ion)  have been 
der ived  by seve ra l  au tho r s  5 y 6 s 7 .  However, they usua l ly  neg lec t  one o r  more of 
t h e  modifying mechanisms, such as t h e  Landau o r  c o l l i s i o n a l  damping, and/or  
they  consider  only nonl inear  e f f e c t s  i n  t i m e ,  l e av ing  ou t  nonl inear  e f f e c t s  
i n  space.  
I n  s e c t i o n  (IIA) w e  d e f i n e  a phys ica l  system whose behavior is  governed 
by t h e  nonl inear  Vlasov equat ion  coupled wi th  Maxwell's equat ions .  
( I IB)  w e  seek a p e r t u r b a t i o n  t h e o r e t i c  s o l u t i o n  of t h i s  system of equat ions .  
s e c t i o n  (IIC) w e  o b t a i n  d i f f e r e n t i a l  equat ions  f o r  t h e  ampli tudes of t h e  e l e c t r i c  
f i e l d  of t h e  plasma modes which fo l low from t h e  p r e s c r i p t i o n  t h a t  a l l  s e c u l a r  
terms cance l ,  and i n  s e c t i o n  (IID) w e  p a r t i c u l a r i z e  our  cons ide ra t ions  t o  t h e  
case of two t r ansve r se  o s c i l l a t i o n s  impinging on t h e  plasma and t h e  r e s u l t i n g  
d r iven  long i tud ina l  d i s turbance .  
I n  s e c t i o n  
I n  
Then i n  s e c t i o n  ( I I IA)  w e  o b t a i n  a set of conserva t ion  equat ions  
governing t h e  energy exchange among t h e  modes of ( I ID) .  
l i m i t s  on t h e  s i z e  of t h e  l o n g i t u d i n a l  d i s tu rbance  of ( I ID) ,  and t h e  correspond- 
ing  l eng th  and/or  t i m e  scales f o r  change of t h e  transverse modes due t o  mode- 
mode coupling. 
In ( I I I B )  w e  determine 
After  t h i s  i n  I I I C ,  I I I D ,  and I I I E  w e  s o l v e  t h e  d i f f e r e n t i a l  equat ions  
f o r  t h e  amplitudes e x p l i c i t l y  f o r  several s p e c i a l  cases .which  are grouped 
according t o  the dominant l i m i t i n g  mechanism on t h e  l o n g i t u d i n a l  mode. 
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11. PLASMA AND ELECTROMAGNETIC FIELD EQUATIONS 
A. THE NONLINEAR EQUATIONS 
We assume that the plasma and the electromagnetic field are describgble 
by the Vlasov equation coupled with the Maxwell equations: 
- a E = 4nn0e (1 - 1 f dx) 
ax - 
- * B o o  a ax - 
aB x g = - -  1 -   a 
ax c at - 
where all of the symbols have their usual meaning. 
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B. CHOICE OF PERTURBATION EXPANSION 
We wish to solve Eqs. (1) by means of an expansion in a small para- 
meter E , where E measures the departure of the system from the field-free 
quiescent state: 
I f  - f o l  
E $  
fO 
9 
where f (v) is the distribution function for the quiescent state. 
0 -  
8 99 we intro- 
and a set of 
According to the multiple time and spatqal scale scheme, 
duce into the problem a set of time scales, to,tl,t2, ..., 
spatial 
and x 
to be a 
-0 
2 scales, +,xl,x2,..., 
= 2, z1 = 
defined such that to = t, tl = Et, t2 = E t,. .., 
2 
EX, x = E z,. .., . Any function of 5 and t is assumed -2 
function of %,xl,x2, ..., to,tl,t2, ..., respectively. 
Let us seek solutions .to Eqs. (1) which can written in the form: 
1 
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The dependence of the functions on x and to has to be such that the Vlasov 
-0 
and Maxwell equations be satisfied to orders 
dependence on z1, tl, z2, t2, etc .  gives us additional freedom of choice; and 
we can use it to eliminate secular terms from the equations to order 
O ( E  ) , etc . ,  i. e. to as many orders as desired. 
O ( E ) ,  O(E'), e t c . .  The functional 
O ( E ~ ) ,  
3 
For the sake of simplicity, let us take f(" = f (0) (1x1, ...) to 
be an isotropic function of velocity. 
Substituting the expansion ( 3 )  into Eqs. (l), arid writing all spatial 
and time derivatives as derivatives with respect to s, t ,x -1, t 
the following equations: 
etc . ,  we obtain 
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+ 4nn e f ( 2 )  d v +  -& E = o  , - 0 -1 (5) 
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We shall look for steady state solutions on the "fast" scales, and 
shall assume all functions of x and t to be expanded in Fourier series 
with real wavenumbers and frequencies. 
-0 0 
Therefore we seek solutions of the form 
where v = 1,2,. . . . This essentially means that E(')  is undamped on the 
scales specified by and to . Any damping, which may occur, proceeds. 
at a rate of O ( E )  , and is incorporated in the "slow" time and space scale 
dependence of the Fourier amplitudes. 
2 From Eq. ( 4 ) ,  t o  O ( E )  and O ( E  ) , for & # 0 and w # 0 we 
obtain 
and 
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where n i s  a small p o s i t i v e  number. 
It w i l l  sometimes be  convenient t o  cons ider  t h e  l o n g i t u d i n a l  and 
t r a n s v e r s e  components of s epa ra t e ly .  We s h a l l  denote  them by t h e  
symb o 1s 
- 
(VI E(") , r e spec t ive ly .  EL& and +rkw 
S u b s t i t u t i n g  E q s .  (10) and (11) i n t o  Eqs. (5) and ( 7 ) ,  w e  ob ta in ,  
f o r  k # 0 and w # 0 , 




k c - k' ,w' 
( 0 )  
ax 
af 2 - k * -  






i + -  w 
2 
2 
iC - -  
w 
J 
+ v  
dv+'[ 1 I 
" \  -w - k v + in 2 +9 w 
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2 
DT(lc,w) = 1 - - - 9, f (0) t h e  t r a n s v e r s e  d i e l e c t r i c  w - k - v + i n  dv ' w 
2 2  c k  
2 where 
w 
func t ion .  
Since t h e  quiescent  s ta te  of t h e  system i s  f i e l d - f r e e ,  w e  r e q u i r e  t h a t  
= 0 . Hence t h e  & = 0 and w = 0 component of Eq. ( 4 )  y i e l d s  E(') -k=O, - w=O 
C. SECULAR TERMS IN THE LONGITUDINAL, AND TRANSVERSE FOURIER COMPONENTS 
Eq. ( 1 2 )  shows t h a t  s e c u l a r  terms appear  i n  t h e  l o n g i t u d i n a l  f i e l d s  
when DL 2, O ( E )  . They can be e l imina ted  by choosing t h e  dependence of t h e  
O ( E )  l ong i tud ina l  Four ie r  components on x and tl such t h a t  t h e  sum of -1 
t h e  terms involving d e r i v a t i v e s  wi th  r e spec t  t o  
term. 
and tl cance l  t h e  s e c u l a r  51 
To perform t h e  two i n t e g r a t i o n s  on t h e  r i g h t  s i d e  of Eq. (121, w e  
by means of Eqs. (10) .  We n o t i c e  t h a t  t h e  (1) (1) and fk-k' fkw -- e 1 imina t e - 
nonl inear  term conta ins  only t h e  coupl ing of t r a n s v e r s e  components, there be ing  
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no terms involving t h e  coupl ing of l ong i tud ina l  components o r  t h e  coupl ing of 
l o n g i t u d i n a l  w i t h  t r a n s v e r s e  components. 
W e  a l s o  n o t i c e  t h a t  t h e  two i n t e g r a l s  on t h e  r i g h t  s i d e  of Eq. (12) 
can be  s p l i t  up i n t o  two terms, a p r i n c i p a l  va lue  i n t e g r a l  of o rde r  
a pole  c o n t r i b u t i o n  which d e t a i l e d  estimate shows t o  be  of o rde r  E ~ ’ ~ .  
t h e  po le  c o n t r i b u t i o n  is  formal ly  of h igher  order  i t  w i l l  hencefor th  be 
neglected.  
damping . 
l e s sen ing  of t h e  t o t a l  Landau damping from t h e  l i n e a r  va lue  
l i n e a r  va lue  w e  o b t a i n  a lower bound f o r  mode coupl ing e f f e c t s  when Landau 
damping l i m i t s  t h e  s i z e  of t he  long i tud ina l  components. 
c2 and 
Since 
This  neg lec t  corresponds t o  t h e  neg lec t  of non-linear Landau 
Since t h e  gene ra l  e f f e c t  of t h e  non-l inear  Landau damping i s  t h e  10 
11 , by keeping t h e  
The p r i n c i p a l  va lue  i n t e g r a l s  are eva lua ted  by expanding t h e  in tegrands  
i n  a power series i n  (Vo/(w/k)) . Only t h e  lowest  order  non-vanishing terms 
are r e t a i n e d .  
Having eva lua ted  t h e  i n t e g r a l s  on the r i g h t  side of Eq. (12) 
accord ing  t o  t h e  procedure ou t l ined  above, w e  e l imina te  s e c u l a r  terms from 
Eq. (12) by r e q u i r i n g  t h a t  f o r  k and w f o r  which DL(k,w) 2, O ( E )  t h e  
l o n g i t u d i n a l  component of t h e  e l e c t r i c  f i e l d  s a t i s f y  t h e  equat ion  




t h e  mode coupling term. 
Eq. (13) shows t h a t  s e c u l a r  terms may a r i se  i n  t h e  t r a n s v e r s e  f i e l d s  
when DT % O ( E )  o r  smaller. They can be  e l imina ted  by choosing t h e  dependence 
of t h e  t r ansve r se  modes on zl and tl such t h a t  t h e  sum of t h e  terms i n  Eq. 
(13) involving d e r i v a t e s  wi th  r e s p e c t  t o  zl and tl w i l l  cance l  t h e  s e c u l a r  
terms. 
e l i m i n a t e  secu la r  terms from Eq. (13) by r e q u i r i n g  t h a t  f o r  k and w f o r  
which DT(k,w) % O ( E )  
t h e  equat ion  
Proceeding i n  a manner analogous t o  t h a t  which l e d  t o  Eq. (141, w e  
t h e  t r a n s v e r s e  component of t h e  e lec t r ic  f i e l d  s a t i s f y  
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where 
w '  I w (w-w '  
2 + 
U ) ( o ' )  
2 + w (w-w')  
I + wwl ( 0 - w ' )  
and ?kw is given by Eq. (15). - 
D. CHOICE OF LOWEST ORDER NON-VANISHING MODES 
Eq. (12) shows that when DL 2, 0(1), = 0 ; E(1) # 0 only -Lkw -
for those waves for which D 2, O ( E )  or smaller. Eq. (13) shows that L 
(') # 0 only when DT 2, O ( E )  or  smaller. ET& 
(1) For the work to follow we take the transverse O ( E )  field $ 
to be the superposition of two plane waves inside the plasma, i.e. 
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E(l)(~ytoyxl,tl ,...) = -1 E (x -1’ t 1’ ...) sin& -0 x - ’w l o  t + O1(zl,tl ,... ) )  -T 
+132(zl,tly...) sin(k2 -0 x - w 2 0  t + 0 2 (x 1’1’ t ... >>, (18) 
where DT(klywl> = DT(k2,u2) 2 0 , DL(kl-k2,w1-w2) Q O ( E ) ,  
and (k2 E2) are at most of O ( E )  . In (18) we assume that 0, is the same 
for both polarizations of El , and similarly for 0, . This assumption can 
be made consistently for all cases for which we solve explicitly. 
and (k1 
We note that the form of (18) allows in principle for externally 
induced variations in the amplitudes and phases of the transverse modes. 
Moreover, fourier-analyzing (18), according to Eq. ( 9 ) ’  and substituting 
into Eq. (15), we see that Ikw # 0 in Eq. (14) only for w = wl-w2 and 
k = kl-lc2 , or w = -(w1-w2) and k = -(k -k ) . Therefore, with the 
particular choice of E(1) 
EL 
be written in the form 
- 
-1 2 - 
made in (18), the most general form of -T 
(1) (%,to,xl,tl, ... ) , which is modified by transverse mode coupling, can 
E(’)(x ,to,xl,tly...) = E (x t ...) c3 cos(k3 x - w t + 0,) -L -0 3 -1’ 1’ -0 3 0  
k -3 , lc3 = lcl - k2 , w3 = w - w2 , and 03 = 0, - 02 . lg 1 where G3 = 
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i (&+-uto) 
e and summing over k, 1 Multiplying Eq. (14) by - VT 
and o , we obtain the following two equations: 
eo k 




vO .-  aE4 1 a43 vo .-  -3 = 0 , (21) + -  k3 ax  + 2 YL E4 - E3 (7+ 5 ax - -1 aE4 atl 3 -1 
% 
2A iyL where A and yL are defined such that D (k w ) = - + -  
P P  
L -3' 3 w w 
is the linear Landau damping decrement, and A 
O ( c j  . 
is the "detuning" 
Eqs. (20) and (21) show that the longitudinal modes can 
linear Landau damping, by "detuningl', and by the coupling between 
modes (which enter through the "slow" derivatives) . 
Since the presence of a collision term would introduce, 
be limited by 
transverse 
in the linear 
approximation, a damping decrement which plays a role analogous to that of the 
I- 1 
Landau damping decrement, in the work below we replace y by y L-(yL+yc)l 
where yc is the collisional damping decrement. 
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If we fourier-analyze both (18) and (19), according to Eq. ( 9 1 ,  
gl , and substitute into Eq. (161, we obtain the following equations for 
and 
-2 
ek3 2 k .%)=- 
1 -2 E (% +c w 2 -2 ax  -1 4mw 
111. DEPENDENCE OF MODES ON I C ~  and tl 
A. CONSERVATION LAWS 
V 2  




Let us notice that - 
1 
C k ,-k ,and - o3 k3 w -1 o2 -2 
the group velocities of the two transverse modes and the longitudinal mode. We 
shall denote them by Gl , G2 , and V . 
-3 
- 17 - 
If we eliminate the terms containing 0, from Eq. (20) with the aid 
of Eq. (23), we can derive the following conservation equations from Eqs. (20), 
(22) and (23): 
2 2 ( 2  + 2 )  + 
and 
1 
We will now seek to make the physical meaning of Eqs. (26) more explicit. 
First we define U1 to be the average with respect to x of the sum of the 
electric, the magnetic, and the mechanical field energy densities of the first 
transverse wave, 
wave, and Ug 
-0 
. .  
U2 to De ths correspcnding average for the second transverse 
to be the corresponding average for the longitudinal wave. 
The average mechanical field energy density of the first wave is of 
the form nom ii? 1 av. 
au -1  = -  
atO 
where g1 satisfies the equation 
e - E sin(lcl x - wlto + 0,) . m -1 -0 
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u2 E: 
, and U1 - - _ E - -  1 2 2 a n  
W l  
Theref ore 
I 
- -  E: 1 (E*$) 
and U3 - -   IT - 2  ~ I T  + <+ nom ui)av. = - aa . Similarly U2 - 
E:+E~ 
+ <+ nom u:>,. = - 81T , where u3 satisfies the equation 
e 
m -3 -0 3 0  d E3 cos(k x - w t + $ ? )  
3 au 
atO 
- = - -  
e - -  E4 sin(k x - w t + 9,) . m -3 -0 3 0  
We now note that U1 , U2 , and U3 satisfy a set of equations identical 
2 2 2  
3 4  U1 , E2 by U2 , and (E +E ) by U3 . 2 with Eqs. (26), with El replaced by 
If we define N - - ") to be the number density of quanta of both 
*l 
modes of polarizations of the first transverse modes; 
second transverse mode; and N3 - - u3) , the number density of quanta of the 
longitudinal mode, then N1 , N2 and N3 satisfy the conservation equations: 
"> , of the 
tw3 
7 
and J (27) 
J a (N1 + N3) + -  (NIBl + N V -Y N3 a - ax, 3 3 3  
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Eqs. (27 )  have a lucid interpretation in terms of a three-fluid model. 
We have three fluids of quanta streaming with fluid velocities 3 1 ’  V G2 ’ and 
, respectively. Because of the nonlinear coupling of modes, the quanta 
Whenever a quantum of the higher-frequency 
%3 
can be created and annihilated. 
transverse mode is annihilated, its energy is shared between a lower-frequency 
transverse quantum and a longitudinal quantum, which are simultaneously created; 
and vice versa, whenever a higher-frequency transverse quaziiiim is created, a 
lower frequency transverse quantum and a longitudinal quantum are annihilated. 
At the same time, there is a dissipation process which destroys the longitudinal 
quanta and converts their energy into thermal energy, 
Equations (27)  differ from those derived by Sturrock 6’12’13 in that 
they include the dissipation of the energy of the longitudinal mode by the 
processes of Landau and collisional damping. 
B. RELATIVE IMPORTANCE OF THE LIMITING MECHANISMS 
We present here expressions for estimating the relative strengths 
of the different mechanisms which limit the longitudinal mode. This is done 
by taking each mechanism separately, assuming that it alone is present, and 
estimating the strength of the longitudinal field. 
anism, in a particular situation, is the one which gives the smallest amplitude 
of the longitudinal mode. 
The most effective mech- 
- 20 - 
Let kf 9 9 




ET refer, respectively,to the characteristic 
itude of the transverse field (remember that 
uT Q, ckT ; and let % and refer, respectively, to the wavenumber and 
amplitude of the longitudinal field. Let ' c ~  and AN be, respectively, the 
time and spatial scales of variation due to mode-mode coupling. 
Eq.  (20)-(25), when written in dimensional form, become 
2 
1 VokL 1 "5 2 
N 'N w 
(T + - - + $ y  + A ) E L = ~  5 ET 
T 
"L + C )  E -  (7- N AN 4 b T  EL 
For initial value problems 
e %" 
a- (;$> ( T I  EL 1 "% 
't 4mw E~ 4mc 
1 "5 e w c5 
\--$ EL 4mcwT EL 2 2  wT 
'N P 
= -  -
N T P 
For boundary value problems 
- = -  
When "detuning" is dominant, 
= -  
P 
and when damping is dominant, 
.-I 
- 21 - 
We have y yL + yc . The Landau damping decrement, yL , may be 
written in the form 
x exp [- $ck 1 w - 5 - 2  
L P  
14 is given by yc ' The collision damping decrement, 
= (kBT/4n noe ) ' . Here kB is Boltzmann's where A = 6 n  n LD , with LD 
constant and T is the electron "temperature". 
3 
0 
When resonant mode-cpupling effects are dominant, and we are doing a 
pure initial value problem, 
When resonant mode-coupling effects are domznant , and we are &oing 
a pure boundary value problem, 
Eqs. (33) and (34) were obtained by neglecting y and A in Eqs. (28) and 
then solving for EL and T or AN . N 
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At this point we note that convective non-linearities may limit the 
longitudinal mode by detuning l5'I6, with an amplitude which can be written as: 
We have not derived this effect analytically since formally it is derived from 
second order terms in the expansion of (3). 
Since 
(with 0 the angle between the k vectors of the two transverse waves) by 
means of Eqs. (29)-(35) one concludes that X and T are least for w /wT 
approaching one from below. Under these conditions c%/wp % 1 . Then among the 
longitudinal limiting mechanisms, non-linear effects grow relatively stronger as 
ET and V IC increae, and as no 





We note that spatial resonant coupling limits the longitudinal mode 
less effectively than temporal resonant coupling. In fact, the ratio of the 
longitudinal field limited in time to that limited in space is proportional to 
(3(j&+ . Hence at zero temperature, spatial coupling is incapable of 
limiting the longitudinal mode. 
Montgomery 
This last fact can also be seen in the wotk Of 
7 for a cold plasma, which does not yield solutions when only the 
spatial nonlinearity due to resonant mode coupling is presumed to limit the 
longitudinal mode. 
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C. DETUNING I S  DOMINANT 
I n  t h i s  Case w e  neg lec t  the d e r i v a t i v e s  wi th  r e spec t  t o  x and tl 
-1 
as w e l l  as t h e  damping decrements i n  Eqs. (20) and (21).  Since w e  f i x  t h e  
phase ang le s  f o r  t h e  two p o l a r i z a t i o n s  of each t r a n s v e r s e  wave in(l.8) t o  be  t h e  
same ,we  f i n d  t h a t  detuning a lone  i s  capable  of l i m i t i n g  t h e  l o n g i t u d i n a l  f i e l d  
only when no ro t t i t i ons  of E and E occur .  Therefore  i n  t h i s  s e c t i o n  w e  
r e s t r i c t  ou r se lves  t o  s i t u a t i o n s  with 
p a r a l l e l  t o ' E  
va lue  problem, a pure i n i t i a l  value problem, o r  a mixed problem. 
-1 -2 
XE2)Xkl (k2 XE1)Xk2 
k: k; 
p a r a l l e l  to E and -1 
The r e s u l t a n t  equat ions leave  us the opt ion  of doing a pure boundary -2 ' 
I f  w e  do a pure  boundary va lue  problem, w e  o b t a i n  t h e  fo l lowing  
s o l u t i o n  t o  Eqs. (20)-(25): 
s 
L 
e ki w 
4 1  = - 2 2 2 2  -1 k z1 + $l(zl=o) s 
E: A 16m c w2kl 
and 
E ) 2  2 2  e k3 w (E1 -2 
$2 = - 2 2 2 2  -2 k rr, + 42(51=0) 
E; A 16m c wlk2 
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I f  w e  t a k e  Ll paral le l  t o  Ir, and El p a r a l l e l  t o  g2 , our  r e s u l t s  are 
e s s e n t i a l l y  i d e n t i c a l  w i th  those  of Montgomery . 7 
Had w e  done a pure i n i t i a l  va lue  problem ins t ead  of a pure boundary. 
va lue  problem, our  r e s u l t s  would have been: 
2 2  2 
e kg w (E1 E21 
- -  tl + +,(t,-O) , 
E; A 2 2  16m w1w2 
 
and 
2 2  2 
e k3 w (E1 E*) 
tl + $*(t,=O) 
E; A 2 2  16m w1w2 
$ 2  - - 
We see from Eqs. (36) and (37) t h a t  t h e  e f f e c t s  of mode-mode coupl ing 
can be i n t e r p r e t e d  t o  produce "wave-number s h i f t s "  i n  t h e  case of a pure  
boundary v a l u e  problem, and "frequency s h i f t s "  i n  t h e  case of a pure  i n i t i a l  
va lue  problem. 
- 25 - 
D. DAMPING IS DOMINANT 
In this case we neglect the ''slow" derivatives and the "detuning" 
terms in E q s .  (20) and (21). We immediately obtain that E4 = 0 and 
eo k (31 32) 17 
2 
= 2 3  . Because of Eqs.  (24) and (25), 4, and 4 
E3 2mw w Y 1 2  
may be taken to be constants. 
To simplify the mathematics, let us take lcl parallel to k and -2 
pointing in the direction of the positive x-axis, and ler: us do a one-dimensional 
problem. 
problem; we shall do a boundary value problem. Let glo 5 E (x =O) and 
1320 E g2(x1=O) . Two cases will be treated: (1) gl0 parallel t o  E 
and (2) glo not parallel to E 





In this case there is no rotation of the directions of poiarization. 
From E q s .  (20), (22), (23) and (26) we obtain the equations 
and 
eL k; w EIE; - - = -  aE1 
2'2 2 . y ¶ axl 8m .c w,k,. 
2 2  e k3 w E:E2 
-3: aE2 - 
2 2 2  Y '  8m c w k 1 2  
2 2 2 
klEl +-=-+- k 2 4 klEIO k2E20 . -
2 2 2 2 
O2 w2 
- 26 
Eqs. (38) can be  e a s i l y  i n t e g r a t e d ,  and have t h e  s o l u t i o n  
and 
2Ax1 
klE;o n + -  k2E;o e 
I L 
* (39)  
The s o l u t i o n  (39) shows t h a t ,  as 
and hence t h e  l o n g i t u d i n a l  mode - i s  completely a t t e n u a t e d ,  and only  t h e  lower- 
x + 03 , t h e  higher-frequency t r a n s v e r s e  mode - 
frequency t r ansve r se  mode remains. 
Case (2) : 
Here w e  select E and E20 so t h a t  they  form some a r b i t r a r y  angle .  -10 
It i s  convenient t o  rewrite Eqs. (22) and (23) such t h a t  m u l t i p l i c a t i v e  
cons t an t s  do not appear e x p l i c i t l y .  For t h i s  purpose,  w e  d e f i n e  two v e c t o r s ,  
- 27 - 
- u and 1 , in the following way : 
E -1 ’ and v =  - 
E q s .  (20)-(23) can, therefore, be written in the form 
and 
E q s .  (40) yield the conservation equations 
E -2 
The form of E q s .  (41) suggests that we parametrize E q s .  (40) in the 
following manner: 
Let u = (u2 + v2 1‘ cos 8 , 
Y YO YO 
v = (uyo 2 + vyo) +i sin e , 




(42) , , 
\ ‘\ 
- 28 - 
du 
Evaluating from Eqs. (40), then from Eqs. (42), then equating 
du2 
the two expressions and integrating, we obtain 
e’= 8 + 8  , (43) 




x1 = 0 . Defining three new quantities, 9 I\ , and a by 
A E +[(u2 + v 2 ) + (u2 + vzO) 2 cos2B] + (u2 + vz0) 2 2  sin2 28;’ , 
YO YO 20 20 
(UZo + v 2 ) + (u2 + v2 ) cos ‘28 
yo Z O  20 
A cos a E 3 
(u:o + vfo) sin 28 
A sin a 5 , 
(40) reduce to only one equation, 
?!L = -  A sin 4 . 
ax, 
( 4 4 )  I 
(45) 
-Axl 4 (xl=a 
Eq. (45) has the solution tan 4 = e tan . But this implies that, 
when x + w ,  u * v = - -  sin 0 = 0 , and and E2 become perpendicular to 
one another. The asymptotic values of the fields follow from (42) apd (44). 
2 - -  
- 29 - 
W e  see from cases  (1) and (2) t h a t  t he  c h a r a c t e r i s t i c  l eng th  f o r  t h e  
h igher  frequency t r ansve r se  wave being damped o u t ,  o r  t h e  p o l a r i z a t i o n s  of t h e  
two t r ansve r se  waves r o t a t i n g  u n t i l  they are perpendicular ,  is  l / h  . Had we 
done a pure i n i t i a l  va lue  problem, we would have obtained an analogous behavior 
of t h e  waves i n  t i m e ,  wi th  t h e  c h a r a c t e r i s t i c  t i m e  l / A  , where A is given 
by Eq. (44), but  1 and 3~ a r e  given by 
and 
E. RESONANT MODE COUPLING 
In  t h i s  case w e  neg lec t  t he  detuning and t h e  damping terms i n  Eqs. 
(20) and (21).  
It can be shown t h a t  t he  f i e l d s  are l i m i t e d  i n  t i m e  and i n  space.  
For example, i n  t h e  case  of a ppre i n i t i a l  va lue  problem, w e  ob ta in  from Eqs. 
= (Nl(tl=O) + N3(tl=O)) . Since N1 , N2 , and Ng are f i n i t e  a t  tl = 0 , 
they must be f i n i t e  for tl > 0 
- 30 - 
In  t h e  case of a pure boundary va lue  problem 
d i f f i c u l t .  However, i f  w e  restrict ou r se lves  t o  one-d 
t h e  argument i s  
mensional s i t u a  
more 
ions ,  
p a r a l l e l  t o  one another ,  w e  o b t a i n  from Eqs. (27)  t h a t  with lcc, k2 and lc3 
(N1(X1>Vgl + N2(x1)Vg2) = (Nl(xl=O)Vgl + N2(xl=O)V g2 ) and (N1(xl)Vgl . 
+ N (x  FV ) = (Nl(xl=O)Vgl + N3(x1=O)Vg3) . Since N1 , N 2  and N3 are 3 1 g3 
f i n i t e  a t  ~ x1 = 0 , they must be  f i n i t e  f o r  x p o .  
We s h a l l  now do s e v e r a l  pure boundary va lue  problems. We s h a l l  assume 
t h a t  E3 = E4 = 0 on t h e  boundary. 
only E3 
E4 remains zero.  Hence 4)1 and 9, remain cons tan t  i n s i d e  t h e  p lasma,  
and w e  have t o  so lve  only Eqs. (20), (22) and (23) f o r  each boundary v a l u e  
p ro  b l e m  . 
It can be seen from Eqsc (20)-(25)  t h a t  
can be b u i l t  up from zero  as w e  move away from t h e  boundary, wh i l e  
, and 
and 
To s impl i fy  t h e  mathematics, l e t  us d e f i n e  new f i e l d  v a r i a b l e  g , . 
w by 
2 2  +i 
u .( e2 :?kj 2,) -1 E16m c ulk2Vo - 
2 2  % 
- 16m e2 c 2,"' u2klVo 2) -2 E 9 
v =( 
w E(
2 2  % 
16m e2 c :3klk2 1 E3 
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L e t  us  a l s o  t ake  Ll and lc2 t o  be  para l le l  o r  "almost" p a r a l l e l  t o  each o t h e r  
and t o  po in t  i n  t h e  p o s i t i v e  x-direct ion.  L e t  u and v be  t h e  cons tan t  
va lues  of and s p e c i f i e d  on the  p l ane  x = 0 . E q s .  (20) ,  (22) and (23) 
then  become 
a -0 
as - = - w v  y 
axl 
= w g ,  - 
axl 
and 
( 4 7 )  
Eqs. (47) y i e l d  t h e  conservat ion equat ions ( 4 1 ) .  They can be  para- 
met r ized  by means of E q s .  (42) ,  with t h e  r e l a t i o n s h i p  between 6 and 8' being 
g iven  by Eq. (43) .  If w e  a l so  make use of t h e  d e f i n i t i o n s  ( 4 4 ) ,  E q s .  ( 4 7 )  
-I 
w i l l  reduce t o  t h e  form 
and 
Case (1) : 
k is  p a r a l l e l  t o  lcl and k2 . We l e t  w(xl=O) = 0 and -3 
8 z 8(x1 0) . I n  t h i s  case Eqs.  (48) y i e l d  t h e  equat ion  
0 
- 32 - 
Eq. (49) can be i n t e g r a t e d  t o  g ive  
I f  we d e f i n e  t h e  number k , with  
2 0 
) k l  c: 1 , by t h e  equat ion  
2 3 k2 = s i n 2  
1 s i n  Q = - s i n  A k 2 
$(x1=0) = cos  ( 8  + T )  , then,  by means of t h e  s u b s t i t u t i o n  
, t h e  i n t e g r a t i o n  of Eq. (49) can be  w r i t t e n  i n  t h e  form 
18 e l l i p t i c  i n t e g r a l  of t h e  f i r s t  kind . 
Therefore  2 , , and w can be expressed i n  terms of e l l i p t i c  
18 func t ions  : 
a a + v2 1% [k cos y s n ( f i  x1 + KDk) + s i n  7 d n ( f i  x1 + ~ ~ k ) ] ,  
YO 
u = (uyo Y 
2 2 %  a a 
v = (uyo t v ) Y YO [cos T d n ( a  x1 + K,k) - k s i n  7 s n ( a  x1 + K,k)], 
Y 
- 
2 %  a 
u Z = (uzo t vzo) 
2 
cos(y - 6) e n ( f i  x1 + K,k) + sin(: - 6) d n ( a  x1 + K,k)j, 
2 2 %  a a 
v = (uzo t vzo)   COS(^ - B) d n ( a  x1 + K,k) - k s in(?  - B) s n ( f i  x1 + 5 
I and 
- 33 - 
1 '  Eqs. (50) show t h a t  t h e  amplitudes of the  modes are o s c i l l a t o r y  func t ions  of x 
I n  t h e  case of a one-dimensional pure i n i t i a l  va lue  problem w e  would 
o b t a i n  r e s u l t s  which are i d e n t i c a l  with Eq.  (50); bu t  w i th  x rep laced  by 
tl ; t h e  g , v , and w def ined by 
1 
16m d w 1 2  
w =  
and t h e  and v being the  values  of ;11 dnd 1 a t  t = 0 . (E (t = 0 )  = 0). 
-0 3 1  
Case (2)  : 
W e  cons ider  t h e  s p e c i a l  two dimensional s i t u a t i o n  of Diagram 1. 
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The resonant plasma region boundaries on t h e  h o r i z o n t a l  l i n e s  aa’ and BB’. 
The l i n e s  AD’ and BC’ , both p a r a l l e l  t o  k / I  lcd , denote  t h e  bounds 
of t h e  region w i t h i n  which t h e  mode (wl,kl) i s  loca l i zed .  The l i n e s  AD and 




On us ing  (20) and (22), cond i t ions  (53) and (54) become 
Ikl k21 << 
E1E2L 9 (55) 
- 35 - 
Inequality ( 5 6 )  insures the occurrence of mode coupling effects in the 
volume of diagram 1. 
In view of (56) we may look for solutions to Eqs. ( 4 8 )  of the form 
Q = $ ( E )  , where 5 5 (4A  IC y )‘ . With this substitution, Eqs. ( 4 8 )  becomes 1 1  
Eq. (57) is difficult to solve. However, we can get some idea of 
the behavior by considering small values of 4 (-@(x =@,yl=O!) . Then 
sin Q % Q , and the solution of Eq. (57)  is of the form 4 = Q0 Jo(5)  for 
5 << 
zero, so that 41 is an oscillacing function of 5 which approaches zero for 
5’’ 1 .  
0 1 
( $ o ) - 2  . Here J (5) is the Bessel function of the first kind of order 
0 
The qestriction that Q be small implies that if u is parallel to 
-0 
is taken to 5e small; however, when % is not parallel to v % ,  - 0 ’  
u and v can have arbitrary magnitudes, but have to be almost perpendicular. 
-0 a 
fie asymptotic limit of Q implies that w(5~) = 0 ; also g(S+=) .= 0 
when u is parallel to v , and = 0 when u is not parallel to v . 
-0 -0 -0 -0 
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CONCLUSIONS 
We have established the connection between Sturrock's mode-coupling 
equations6 which were derived by means of a derivative expansion technique, 
and the quasi-linear solution of the non-linear Vlasov equation and Maxwell's 
equations, generalizing the former to include dissipation, finite temperature 
and spatial variation effects. 
the resulting driven longitudinal mode we have deterdined and treated non-linear 
frequency conversion and polarization rotation effects. We note that in the 
absence of detuning and damping limitations, for problems involving a single 
coordinate there is a characteristic evolution which is basically oscillatory in 
that it is describable in terms of elliptic functions; 
relatively simple two-dimensional problem the evolution of the transverse modes 
is characterized by an oscillation of decreasing magnitude which tends towards 
the same limit as when damping alone controls the longitudinal oscillations. 
From an experimental viewpoint the mode coupling effects are optimized by the 
choice of (wp/wT) of order unity. 
For the system of two transverse modes and 
whereas even for a 
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